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a b s t r a c t
Singular SpectrumAnalysis is a quite recent technique for the analysis of experimental time
series, based on the singular value decomposition of certain Hankel matrices. However, the
mathematical and physical interpretation of the singular values in this kind of application
is not fully clarified. In this paper, using asymptotic properties of the eigenvalues of Toeplitz
matrices, we show that SSA is related to Fourier analysis. Indeed, the singular values
provide information that can be interpreted, and estimated efficiently, by means of the
power spectrum of the time series. We apply our results to the continuous seismic signal
recorded at Stromboli volcano in order to highlight precursors of a paroxysmal volcanic
eruption.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In recent years Singular SpectrumAnalysis [1] has proven to be a powerful technique for the analysis of time series. In SSA
the elements of a time series become entries of a Hankel matrix, known as the trajectory matrix (we recall that a matrix is
Hankel if its entries depend only on the sum of their indexes); the singular value decomposition of the trajectory matrix can
be used e.g., to find trends, extract seasonality components or smooth the time series. For an easily readable introduction
see [2]. The SSA has been applied in different areas such as physics, economics, social sciences, and market research. In
particular, the use of SSA for the long term analysis of volcanic tremors was proposed in [3]. Successive studies focused on
the use of singular values for the identification, within the continuous seismic signal, of precursors of a paroxysmal phase
of Stromboli volcano [4,5]. In fact, Stromboli is normally characterized by mild explosion activity. However, unexpected
explosions of much larger magnitude and seemingly distinct nature occur 1 to 3 times per year and forecasting them is still
the subject of research [6]. However, all the observations of the anomalous behavior of singular values before a significant
volcanic event are unsupported by theory. Hence a better understanding of these results is needed also in the view of an
improvement of the modeling of the phenomenon.
Herewewant to show that the behavior of singular values in SSAmirrors qualitativemodifications in the power spectrum
of time series. More precisely, singular values can be approximated by suitable mean values computed on the spectrogram,
although the association between a specific singular value and its corresponding spectral band is not trivial. The reason for
this relationship can be found in the Szegö theory on the asymptotic distribution of the eigenvalues of Toeplitz matrices,
see [7,8]. Turning back to seismic signals, our analysis allows us to propose a different kind of precursor computable from
the spectrogram itself without the need of computing the singular values. The proposed precursor has a clear physical
interpretation in terms of the concentration of the energy in some part of the Fourier spectrum.
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The paper is organized as follows. After collecting somepreliminaries in Section 2,we explain in Section 3 the relationship
between the singular values of the trajectory matrix and the discrete Fourier transform of the time series. In Section 4 we
perform some numerical experiments on synthetic data that simulate white noise and filtered white noise. In Section 5
we perform some computations on real signals registered by a seismic station installed on Stromboli before a recent major
paroxysm, in order to propose a family of precursors computable from the spectrogram.
2. Notations and preliminaries
Let Ex = (x1, x2, . . .)T be an infinite time series, and letm, n be fixed integers, withm n. Them× n Hankel matrix
X =

x1 x2 · · · xn
x2 x3 · · · xn+1
...
...
...
...
xm xm+1 · · · xm+n−1

is known as the trajectory matrix in the SSA literature, see for example [1]. Actually, SSA is a set of techniques for the
extraction of significative information about the time series from the Singular Value Decomposition [9] of X . Inwhat follows,
we denote by σ1(X) ≥ σ2(X) ≥ · · · ≥ σn(X) ≥ 0 the singular values of X .
2.1. Stationary time series and Toeplitz matrices
We borrow from [1, Chap. 6] the following definition and basic facts:
Definition 1. The infinite time series Ex = (x1, x2, . . .) is called stationary if there exists a function R : Z 7→ R, called the
covariance function of Ex, such that for all integers i, j ≥ 0 it holds that
lim
n→∞
1
n
n∑
k=1
xi+kxj+k = R(i− j).
It is a rather simple matter to show that, whenever the above limit exists, it must depend only on i− j, see e.g., [1, Prop.
6.7]. Hence, the same condition can be expressed as the existence, for any integer n, of the limit
Tn = lim
m→∞ Tm,n, Tm,n =
1
m
XTX, (1)
with Tn ≡ (R(i − j)) being an n × n symmetric positive semidefinite Toeplitz matrix (recall that a matrix is Toeplitz if its
entries depend only on the difference of their indexes). We will denote by λ1(Tn) ≥ · · · ≥ λn(Tn) ≥ 0 its eigenvalues. The
singular values of X are tied up with the eigenvalues of Tn via the relation
lim
n→∞
1√
n
σi(X) = λi(Tn)1/2 i = 1, . . . ,m,
for any fixedm, the limit being uniform in i.
As shown in [1, Prop. 6.8], if Ex is a stationary time series then there exists a unique nondecreasing function µ(t) on the
interval I = [−pi, pi] such that
R(k) = 1
2pi
∫
I
ei2piktdµ(t), k ∈ Z.
Besides periodic time series, the class of stationary time series includes other interesting classes of sequences whose
properties have been extensively analyzed. In fact, if µ(t) is piecewise constant (i.e., the measure dµ is discrete) then the
time series Ex is a so-called almost periodic sequence. In this case, we denote by Ω = {ω1, ω2, . . .} ⊂ I the support of the
measure dµ, and let 0 < dk = dµ({ωk}). Due to the assumption that Ex is real valued, the setΩ is symmetric around zero;
moreover, if ωk = −ωl then dk = dl. It can be shown that, when n → ∞, the eigenvalues of (1/n)Tn become close to the
numbers dk; in particular, wheneverωk differs from zero and±pi , the pair (ωk,−ωk) give rise to two eigenvalues of (1/n)Tn
that are asymptotically equal to dk.
On the other hand, if µ(t) is absolutely continuous, then the time series Ex is called aperiodic or chaotic. The nonnegative
function f (t) ∈ L1(I) such that dµ(t) = f (t)dt is the corresponding spectral density function, and R(k) is simply its k-th
Fourier coefficient. The Szegö theorem [8] states that, if f (t) is bounded and continuous in I, then for any continuous F
having bounded support it holds that
lim
n→∞
1
n
n∑
i=1
F(λi(Tn)) =
∫
I
F(f (t)) dt, (2)
see also [1, Section 6.4.3]. By using the recent extension of the Szegö theory to L1 functions due to Tyrtyshnikov and
Zamaraskin [10] and Serra Capizzano [11], we can drop the classical boundedness and continuity assumptions on f (t), and
claim that the asymptotic relation (2) holds whenever f (t) ∈ L1(I), that is, µ(t) is any absolutely continuous function.
814 E. Bozzo et al. / Computers and Mathematics with Applications 60 (2010) 812–820
2.2. Equally distributed sequences
Hereafter, we recall some definitions and basic results from the Weyl theory of equally distributed sequences and the
Szegö theory of asymptotic distribution of eigenvalues of Toeplitz matrices. For a useful introduction on the subject and
additional references see [7,12]. For a complete treatment of the theory see [11,8]. A recent and thorough discussion on the
definition of equally distributed sequences can be found in [13].
Definition 2. Let {ξ (n)i } and {ζ (n)i } be two triangular sequences of numbers, i = 1, . . . , n and n ∈ N. We say that {ξ (n)i } and
{ζ (n)i } are equally distributed (or asymptotically equidistributed) if, for all continuous functions F having bounded support, it
holds that
lim
n→∞
1
n
n∑
i=1
[
F(ξ (n)i )− F(ζ (n)i )
]
= 0.
The aforementioned definition is tied up with limiting relations like (2) by the following fact, whose proof can be found
e.g., in [12, Lemma 3.1]:
Lemma 1. Let {ξ (n)i } be a triangular sequence. Suppose that f ∈ L1(I) is integrable in the Riemann sense, and the numbers
t(n)1 , . . . , t
(n)
n form a uniform mesh on I with step 2pi/n. Then the limit
lim
n→∞
1
n
n∑
i=1
F(ξ (n)i ) =
∫
I
F(f (t)) dt
holds for all for any continuous function F having bounded support if and only if the two sequences {ξ (n)i } and {f (t(n)i )} are equally
distributed.
Consider a sequence c0, c1, c2 . . . of real numbers such that
f (z) =
∞∑
k=−∞
c|k|eikz
is well defined and Riemann integrable on I. The function f (z) is known as the symbol of the semi-infinite Toeplitz matrix
T ≡ (c|i−j|), for i, j = 1, 2, . . . . For any integer nwe let
fn(z) =
n−1∑
k=−n+1
c|k|eikz
and Tn ≡ (c|i−j|) for 1 ≤ i, j ≤ n. From Szegö theory it follows that the triangular sequences {λi(Tn)} and {fn(2pi i/n)}, i =
1, . . . , n, are asymptotically equidistributed. This allows us to approximate the eigenvalues by evaluating the symbol on a
uniform mesh on I.
3. Relationship between SSA and Fourier analysis
Let ‖A‖F denote the Frobenius matrix norm of A,
A ≡ (aij) =⇒ ‖A‖F = trace(ATA)1/2 =
√∑
i
∑
j
a2ij.
Let Ex = (x1, x2 . . .) be a stationary time series. For any fixed integerm, consider themth initial segment x = (x1, . . . , xm)T .
Following [14], let Fm ≡
(
ω
ij
m/
√
m
)
be the (unitary) Fourier matrix of orderm, where ωm = ei2pi/m and i, j = 0, . . . ,m− 1.
The complex vector xˆ = (xˆ0, . . . , xˆm−1)T = Fmx is the Fourier transform of x. Moreover, the vector (|xˆ0|2, . . . , |xˆm−1|2)T
is known as the power spectrum of x. Note that, since x is real valued, |xˆi|2 = |xˆm−i|2. One of our aims is to show that the
distribution of the σi(X) is strongly related to the power spectrum of the signal vector x.
Introduce the scaled trajectory matrix X˜ = m−1/2X and denote by Pm the circular permutation of orderm
Pm =

0 1
. . .
. . .
. . . 1
1 0
 ,
whose spectral decomposition is
Pm = FmΛmFHm , Λm = Diag(1, ωm, ω2m, . . . , ωm−1m ), ωm = ei2pi/m.
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Suppose that the matrix X˜ can be written as
X˜ = m−1/2(x|Pmx| · · · |Pn−1m x) =
1√
m

x1 x2 · · · xn
x2
... · · · ...
...
...
... x1
... xm · · ·
...
xm x1 · · · xn−1
 .
Wewill show in the Appendix (see Theorem1) that this assumption has no effect on the asymptotic behaviour of the singular
values, as long asm is ‘‘sufficiently large’’ with respect to n. Now, the matrix Tm,n introduced in (1) is symmetric Toeplitz,
Tm,n = X˜T X˜ =

c0 c1 · · · cn−1
c1 c0
. . .
...
...
. . .
. . . c1
cn−1 · · · c1 c0
 , ck = 1mxTPkmx = 1mxTP−km x.
The singular values of X are related to the eigenvalues of Tm,n by σi(X)2/n = σi(˜X)2 = λi(Tm,n). Moreover
ck = (xˆHΛkmxˆ)/m = (xˆHΛ−km xˆ)/m
and, as a consequence, the symbol of Tm,n can be rewritten as
fm,n(z) = 1m
n−1∑
k=−n+1
xˆHΛ−km xˆ e
ikz .
By the limiting relation (1), for sufficiently largem the latter function is arbitrarily close (in the uniform norm sense) to the
n-th partial Fourier series fn of the spectral density function f of the time series Ex.
In the light of Szegö theory and Lemma 1, if the finite time series x = (x1, x2, . . . , xn) is obtained by truncation from an
infinite stationary time series Ex = (x1, x2, . . .), then for large values of both m and n the distribution of the eigenvalues of
Tm,n mimics that of the numbers
fm,n(2pi j/n) = 1m
n−1∑
k=−n+1
xˆHΛ−km xˆ e
ik2pi j/n = 1
m
xˆH
(
n−1∑
k=−n+1
eik2pi j/mΛ−km
)
xˆ = 1
m
m−1∑
i=0
|xˆi|2ηi,j, (3)
for j = 1, . . . , n, where
ηi,j =
n−1∑
k=−n+1
eik2pi j/mω−ikm =
m−1∑
k=−m+1
ei2pik(j/m−i/n).
We have that ηi,j = Dn(2pi(j/m− i/n)), where
Dn(θ) =
n−1∑
k=−n+1
eikθ =

sin((2n− 1)θ/2)
sin(θ/2)
θ 6= 0
2n− 1 θ = 0,
is known as the Dirichlet kernel in approximation theory and harmonic analysis [15]. It is not difficult to show that∑m−1
i=0 ηi,j = m and
∑n
j=1 ηi,j = n.
As a consequence, under mild hypotheses on the integrability of the spectral density function f , we can say that the
triangular sequence {σi(˜X)2}i=1,...,n is equally distributed with {fm,n(2pi j/n)}j=1,...,n, for m  n and n ∈ N. In particular, we
have a rather special case of the limiting relation in Definition 2 when we set F(x) = x:
n∑
j=1
fm,n(2pi j/n) = 1m
m−1∑
i=0
|xˆi|2
n∑
j=1
ηi,j = nm
m−1∑
i=0
|xˆi|2 = nm‖x‖
2
2 = ‖X˜‖2F =
n∑
i=1
σ 2i (˜X).
Fig. 1 shows the plots of the coefficients ηi,j for i = 0, . . . ,m− 1 and different values of j, n. As can be shown by simple
analysis, Dn(θ) attains its maximum at zero and is nonnegative in an interval symmetric with respect to zero having half-
width 2pi/(2n − 1). Taking into proper account periodicity of the Dirichlet kernel, (3) and Fig. 1 suggest that the value of
fm,n(2pi j/n) essentially depends on the coefficients xˆi whose indices fulfill the inequality
Ξ(i/m− j/n) ≤ 1
2n− 1 , Ξ(z) =

z + 1 −1 ≤ z ≤ −1
2
|z| −1
2
< z ≤ 1
2
z − 1 1
2
< z ≤ 1.
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Fig. 1. Plots of the coefficients ηi,j for i = 0, . . . ,m− 1 and different values of j, n; herem = 1000.
In other words, each eigenvalue of the normalized covariance matrix Tm,n can be approximated by the mean value of a
portion of the power spectrum of x, whose width is roughlym/n.
Moreover, one sees easily that fm,n(z) is even with respect to pi , that is, fm,n(2pi j/m) = fm,n(2pi(m − j)/m). Hence, the
numbers coming from (3) for j = 1, . . . , n are not distinct, but rather occur in couples; on the other hand, the eigenvalues
of Tm,n are generally distinct. In order to compare the qualitative behaviour of the eigenvalues of Tm,n with that ofm distinct
numbers, we can replace the evaluation of (3) with that of fm,n(pi j/n) for j = 1, . . . , n. In fact, these two sets of numbers are
equally distributed.
Finally, observe that Dm(θ) also assumes negative values and, as a consequence, we may have fm,n(pi j/n) < 0, due to the
Gibbs effect. This fact can be disturbing, since we aim at using these numbers to approximate the singular values of X˜ (by
way of the eigenvalues of Tm,n).
On the light of the previous discussion, we propose a different approximation of the singular values. We compute a set of
n nonnegative, generally distinct numbers, each of them being the evaluation of a portion of the power spectrum of xwhose
width is aboutm/(2n):
ϕj =
(
1
`
bj`c−1∑
i=b(j−1)`c
|xˆi|2
)1/2
, ` = m
2n
, j = 1, . . . , n, (4)
where bzc denotes the integer part of z. Taking into account that |xˆi|2 = |xˆn−i|2, we have that
n∑
j=1
ϕ2j =
2n
m
bn/2c−1∑
i=0
|xˆi|2 ≈ nm‖x‖
2
2 = ‖X˜‖2F =
m∑
i=1
σ 2i (˜X),
the approximation being an exact equalitywhen xˆ0 = 0 and, form even, xˆm/2 = 0.We conjecture thatϕ1, . . . , ϕn are equally
distributed with σ1(˜X), . . . , σn(˜X).
4. Numerical experiments on synthetic data
In order to illustrate the foregoing theory when m, n assume realistic, finite values, we performed a set of numerical
experiments, aimed at showing the resemblance between singular values of trajectory matrices and portions of power
spectra of the corresponding time series.
The following experiments are performed essentially as follows: Given a vector x ∈ Rm, and for a fixed nwithm n, we
compute the singular values σ1 ≥ · · · ≥ σn of them× n scaled trajectory matrix X˜ . Next, we compute the FFT of x and the
‘‘power bins’’ ϕ1, . . . , ϕn from Eq. (4). Finally, we sort them in nonincreasing order. The resulting numbers ϕ
↓
1 ≥ · · · ≥ ϕ↓n
are plotted along with the numbers ϕ1, . . . , ϕn and the singular values of X˜ . This procedure is repeated 10 times, starting
from a different vector x. We have setm = 1000, n = 20.
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Fig. 2. Experiments with white noise; ten different trials are shown. Left: plot of the singular values σi(X˜)withm = 1000 and n = 20. Center: plot of the
corresponding numbers ϕ1, . . . , ϕ20 computed from (4). Right: plot of ϕ
↓
1 , . . . , ϕ
↓
20 .
Fig. 3. Experiments with low-pass filtered white noise (spectral density fL); ten different trials are shown. Left: plot of the singular values σi(X˜) with
m = 1000 and n = 20. Center: plot of the corresponding numbers ϕ1, . . . , ϕ20 computed from (4). Right: plot of ϕ↓1 , . . . , ϕ↓20 .
Fig. 4. Experiments with high-pass filtered white noise (spectral density fH ); ten different trials are shown. Left: plot of the singular values σi(X˜) with
m = 1000 and n = 20. Center: plot of the corresponding numbers ϕ1, . . . , ϕ20 computed from (4). Right: plot of ϕ↓1 , . . . , ϕ↓20 .
Fig. 2 is obtained fromwhite noise time series generated by randn, the Matlab normal pseudorandom generator. Hence,
in this case the numbers xi are approximately independent, identically distributed random variables drawn from a N(0, 1)
normal distribution. As a consequence, the limits in Definition 1 exist, at least in a probabilistic sense, with R(0) = 1 and
R(k) = 0 for k 6= 0, and the spectral density is f (t) = 1.
Figs. 3 and 4 were obtained analogously from low-pass and high-pass filtered white noise signals, respectively. More
precisely, two sets of time series are built by a discrete convolution of normal pseudorandom time series as in the preceding
example, with finite kernels defined by themasks (1, 1, 1, 1, 1) and (1,−1, 1,−1, 1), respectively. The corresponding spectral
density functions can be easily computed by means of the convolution theorem, and are
fL(z) = |1+ 2 cos(z)+ 2 cos(2z)|, fH(z) = |1− 2 cos(z)+ 2 cos(2z)|.
In these examples, the distributions of the singular values are very similar to each other, in spite of the fact that the spectral
content of the signals are very different. This is related to the fact that fL(z) = fH(pi + z), hence the values of fL and fH on
uniform grids are equally distributed.
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5. An application to volcanic tremor analysis
The previous arguments show that the singular values of the trajectory matrix have a strong relationship with the power
spectrum of the signalm-vector x. In fact, at least qualitatively, each singular value measures the power content of a portion
of the Fourier spectrum,whosewidth is roughlym/n, although it is impossible to saywhich specific frequencies are relevant
to it (this information being contained in the respective singular vectors).
In some cases, the available time series are quite long and can in theory even extend indefinitely, for example, in
permanent monitoring systems. In these cases the time series is divided into fixed-length time windows and the analysis
procedure is applied to each of them. The time evolution of the relevant computed parameters can then be monitored and
studied from the singular value decomposition of a sequence of trajectory matrices, having prescribed sizes.
Now,we consider as a practical case a continuous seismic time series representing volcanic tremor recorded at Stromboli
before the 5 April 2003 paroxysmal event. The same time series has already been analyzed in [4,5]. According to [16],
that explosion was one of the three big paroxysms observed at Stromboli in the last century and, given that the previous
ones happened back in 1919 and 1930 when no seismometer was available, it provides therefore a unique opportunity to
investigate the precursory behaviour of continuously recorded instrumental data before the event.
The analysis of the time evolution of both classical intensity/spectral parameters and dynamical parameters such as False
Nearest Neighbours percentage and relative importance of loworder to high order singular values [5] suggested the presence
of a consistent preparatory phase. Looking for possible precursors of this paroxysm, a promising candidate was found by
examining the coupling between successive singular values [4].
From our point of view, the variation in the relative importance of the first k singular values, as proposed by [5], can be
interpreted as a shape change in the power spectrum. In particular, the increase of the largest singular values relative to the
remaining ones implies that energy begins to be more concentrated in certain sectors of the spectrum, although we cannot
immediately tell in which frequency range.
From the computational point of view, we recall that the computation of the singular values of anm×n trajectorymatrix
requires O(mn2) arithmetic operations, with a hidden coefficient around 30 [9]. Furthermore, the choice of which specific
singular values to monitor as precursors for volcanic activity remains an unsolved issue.
For all these reasons, in order to monitor volcanic activity, we propose here to get information qualitatively similar to
that provided by the SSA, by better exploiting the power spectrum coefficients instead of actually computing the singular
values. Moreover, in order to optimizemonitoring and highlight in amore efficient way possible changes in the dynamics of
the volcano, e.g., possible precursors of explosive activity, we need to devise an easily computable indicator, whose value is
affected by significant changes in the shape of the power spectrum (independently of the specific affected frequency range),
whose computation requires the least possible number of parameters to be chosen. Such an indicator could be, for example,
one of the moments of the sequence ϕ↓1 , . . . , ϕ
↓
n ,
M(k) =
n∑
j=1
jkϕ↓j , k = 0, 1, . . . (5)
where the numbers ϕ↓1 , . . . , ϕ
↓
n are computed according to the procedure described in the previous section. The
computational cost of such indicators is essentially due to the FFT of x, hence it amounts to about 5m logm arithmetic
operations [14]. In practical situationsm ≈ 103 and n ≈ 10, see e.g. [4,5], and the computational advantage of this technique
over SSA is evident.
Hereafter, we analyze the same data considered in [4,5], using similar data treatments and graphical conventions. The
original signal is subdivided into one-minute windows (m = 3000 samples per window at 50 Hz sampling frequency), and
120 h are considered, ending at 06:59 GMT of April 5, 2003 (the explosive event started at 07:12 GMT of April 5, 2003). The
analysis is carried out with n = 10. All plots in the next figures actually showmoving averages spanning one hour; the latter
is an usual practice adopted to smooth out the resulting raw graphs.
In Fig. 5 we compare the time evolution of the singular values σi(X˜) and the sorted power bins ϕ
↓
i . The resemblance of
the two plots indicates that the asymptotic equidistribution of these sets is already visible with practical values ofm, n.
In Fig. 6weplot the first threemoments computed from (5).We see that the consideredmoments behave in a quite similar
way, therefore making the choice of the specific moment to monitor less crucial, and a steady decay is clearly recognizable
in the last 13 h, confirming similar information (compare e.g. with [4] and with Figure 6 of [5]) coming from SSA.
6. Conclusions
SSA has been applied to the analysis of geophysical time series, and has shown its potential in the search for possible
precursors of unusual volcanic activity. However, practical applications of SSA until now suffered from the need to choose
several heuristic parameters, from the relatively heavy computational burden, and especially from the lack of a direct
interpretation of the variation of the singular value spectrum with time. In this paper we have shown the relationship that
singular values have with the power spectrum defined by classical Fourier analysis. This relationship can be exploited in
order to build indicators that provide an amount of information similar to that provided by SSA but can be more efficiently
derived from the power spectrum. Compared with the existing ones, our approach needs less subjective parameter choices
and therefore can be more suited for real time monitoring.
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Fig. 5. Time evolution of the singular values (left) and power bins (right) of the Stromboli data. Here m = 3000 and n = 10. Abscissas are in hours since
the paroxysm started at 07:12 GMT of April 5, 2003.
Fig. 6. Plots of the momentsM(0) (top),M(1) (center), andM(2) (bottom), of the Stromboli time series. Herem = 3000 and n = 10. Abscissas are in hours
since the paroxysm started at 07:12 GMT of April 5, 2003.
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Appendix
Let Ex = (x1, x2, . . .) be a stationary time series. For integersm, nwithm ≥ n, consider the matrices
X̂m,n = 1√m

x1 x2 · · · xn
x2
...
...
...
...
...
... xm+1
... xm · · ·
...
xm xm+1 · · · xm+n−1
 , X˜m,n =
1√
m

x1 x2 · · · xn
x2
...
...
...
...
...
... x1
... xm · · ·
...
xm x1 · · · xn−1
 .
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The purpose of this section is to prove that the singular values of X̂m,n and X˜m,n are equally distributed, as long as m is
‘‘sufficiently large’’ with respect to n. We borrow from [13,12] the following result:
Lemma 2. Let An, Bn be two sequences of m(n)× n matrices, with m(n) ≥ n. Let σi(An) and σi(Bn), i = 1, . . . , n, denote their
singular values. If
lim
n→∞
1
n
‖An − Bn‖2F = 0
then the sequences {σi(An)} and {σi(Bn)} are equally distributed.
Theorem 1. For any integer sequence m(n) such that limn→∞ n/m(n) = 0, the singular values of X̂m(n),n and X˜m(n),n are equally
distributed.
Proof. By a close inspection of the entries of the difference X̂m,n − X˜m,n we see that
‖X̂m,n − X˜m,n‖2F =
1
m
n−1∑
k=1
k(xk − xm+k)2 ≤ 2(n− 1)m
(
n−1∑
k=1
x2k +
n−1∑
k=1
x2m+k
)
.
Let
∑∞
k=1 x
2
k = R(0). Hence we have
1
n
‖X̂m(n),n − X˜m(n),n‖2F ≤
2
m(n)
(
n∑
k=1
x2k +
n∑
k=1
x2m(n)+k
)
= 2
m(n)
[
n∑
k=1
x2k +
m(n)+n∑
k=1
x2k −
m(n)∑
k=1
x2k
]
= 2
[
n
m(n)
· 1
n
n∑
k=1
x2k +
m(n)+ n
m(n)
· 1
m(n)+ n
m(n)+n∑
k=1
x2k −
1
m(n)
m(n)∑
k=1
x2k
]
n→∞−−−→ 2 [0 · R(0)+ 1 · R(0)− R(0)] = 0.
The claim follows by Lemma 2. 
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